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Some remarks on the geometry of Kropina spaces.
By Ryozo Yoshikawa and Sorin V. Sabau
Abstract
Using the navigation data (h,W ) of a Kropina space (M,α2/β), we character-
ize weakly-Berwald Kropina spaces and Berwald Kropina spaces by means of the
Killing vector field W and the parallel vector field W , respectively.
Moreover, the local 1-parameter group of Finslerian local isometries on (M,α2/β)
coincides with the local 1-parameter group Riemannian of local isometries on (M,h).
1 Introduction
Finsler metrics generalize Riemannian metrics. The most natural Finsler structures are
those obtained by deformations of Riemannian metrics. Randers metrics are the most fa-
mous metrics of this type because of their relation with the Zermelo’s navigation problem.
On the other hand, recently it was shown that Kropina metrics also give solutions to the
Zermelo’s navigation problem ([YS] and references herein). This suggests that Kropina
spaces are Finsler spaces with rich geometrical properties and that their geometry worth
more investigations.
In the present paper we present three remarks on the geometry of Kropina spaces.
The first remark concerns the relation between weakly-Berwald, Berwald and Kropina
spaces. We prove that the set of weakly-Berwald Kropina metrics coincide with the set of
strong Kropina metrics defined in the paper (Theorem 3.2). Moreover, a Kropina space
is a Berwald one if and only if the wind vector field W is parallel with respect to the
Riemannian metric h (Theorem 3.3). Nevertheless, in the Kropina case, Landsberg and
Berwald spaces coincide.
The second remark is about the characterization of Kropina metrics of p-scalar cur-
vature, i.e. Kropina metrics whose scalar flag curvature is a function of position only
K(x, y) = K(x). We give a characterization of these spaces in terms of navigation data
(h,W ) (Theorem 4.1). Moreover, we show that Kropina spaces of p-scalar curvature must
be Berwald if and only if K(x) = 0 (Theorem 4.4).
The third remark is on the isometry group of a Kropina metric. In general, the
isometry group of a Finsler structure is not easy to be determined. However, in the case
of strong Kropina metrics we prove that its local isometry group actually coincides with
the local isometry group of the Riemannian space (M,h).
2 The navigation data of Kropina spaces.
A Kropina metric F = α2/β, where α =
√
aij(x)yiyj and β = bi(x)y
i, on an n-
dimensional differential manifold M is characterized by a new Riemannian metric h =√
hij(x)yiyj on M and a vector field W = W
i(∂/∂xi) of constant length 1 with respect
to h, where
hij := e
κ(x)aij , 2Wi := e
κ(x)bi, e
κ(x)b2 = 4(2.1)
1
for a function κ(x) of (xi) alone. In the above equations, we used Wi(x) := hij(x)W
j(x)
and b2 := aijbibj , where (a
ij) is the inverse matrix of (aij) ([YO1], [YO2], [YO3], [YS]).
The pair (h,W ) is called the navigation data of the Kropina metric F = α2/β or the
Kropina space (M,F ). The following theorem is very important:
Theorem 2.1 ([YO2], [YO3]) A Kropina space (M,F = α2/β) whose navigation data
is (h,W ) is of constant flag curvature K if and only if the following two conditions holds:
(a) W is a unit Killing vector field,
(b) the Riemannian space (M,h) is of constant sectional curvature K.
We have
Definition 2.1 Let (M,F = α2/β) be a Kropina space whose navigation date is (h,W ).
If W is a unit Killing vector field, we call (M,F ) a strong Kropina space.
3 Berwald spaces and weakly-Berwald spaces
In this section, we will consider Kropina spaces which are weakly-Berwald spaces or
Berwald spaces.
In general, we denote the coefficients of the geodesic spray of a Finsler space by Gi
and put
Gij :=
∂Gi
∂yj
, Gj
i
k
:=
∂Gij
∂yk
, Gj
i
kl
:=
∂Gj
i
k
∂yl
.
Berwald spaces are defined as follows:
Definition 3.1 A Finsler space (M,F ) is called a Bewald one if Gi satisfy the conditions
Gj
i
kl
= 0, that is, the coefficients Gj
i
k
of the Berwald connection of (M,F ) are functions
of the position (xi) alone.
The concept of weakly-Berwald spaces is a generalization of that of Berwald spaces.
Definition 3.2 If a Finsler space satisfies the condition Gij := Gi
r
jr = 0, we call it a
weakly-Berwald one.
The first author and Sandor Ba´cso´ considered the relation between the concept of
weakly-Berwald spaces and some other concepts in [BY]. Furthermore, the same au-
thor, Katsumi Okubo and Makoto Matsumoto have obtained the necessary and sufficient
conditions for a Kropina space to be a weakly-Berwald one or a Berwal one in [YOM].
Theorem 3.1 ([YOM]) Let (M,α2/β) be a Kropina space, where α =
√
aij(x)yiyj and
β = bi(x)y
i. The necessary and sufficient conditions for a Kropina space to be a weakly-
Berwald one or a Berwald one are as follows respectively:
(wB) rij = c(x)aij for a function c(x) of the position (x
i) alone,
(B) rij = c(x)aij for a function c(x) of the position (x
i) alone and sjbi−sibj = b
2sij.
In the above equations, we used rij := (bi;j + bj;i)/2, sij := (bi;j − bj;i)/2, si = a
rsbrssi,
where the symbol (; ) denotes the covariant derivative with respect to the Riemannian
metric α and (ars) is the inverse matrix of (ars).
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First, we suppose that a Kropina space (M,F = α2/β) is a weakly-Berwald one.
Then, from Theorem 3.1, we have rij = c(x)aij for a function c(x) of the position (x
i)
alone. It can be changed as follows:
rij = c(x)e
−κhij .(3.1)
Now, from Section 2 in [YO2] we have an equation
rij = 2e
−κ
(
Rij −
1
2
Wrκ
rhij
)
,(3.2)
where Rij := (Wi||j +Wj||i)/2, κ
r := hrs(∂κ/∂xs), the symbol (||) denotes the covariant
derivative with respect to the metric h and (hrs) is the inverse matrix of (hrs).
Substituting (3.1) to (3.2), we get
Rij =
1
2
(
c(x) +Wrκ
r
)
hij.(3.3)
Since W is a unit vector field on (M,h), we have |W |2 = W iW jhij = 1 and Wi||kW
i = 0.
So, transvecting (3.3) by W iW j, we get 0 = RijW
iW j = 1
2
(
c(x) +Wrκ
r
)
|W |2, that is,
c(x) +Wrκ
r = 0. Hence, the equation (3.3) reduces to
Rij = 0,(3.4)
that is, the vector field W is Killing.
Conversely, suppose that the vector field W is a Killing one. Substituting (3.4) to
(3.2), we get rij = −e
−κWrκ
rhij = −Wrκ
raij . From Theorem 3.1, the Kropina space
(M,F = α2/β) is a weakly-Berwald one.
So, we obtain
Theorem 3.2 Let (M,F = α2/β) be a Kropina space. Let (h,W ) be the navigation data
of F = α2/β defined by (2.1). Then the Kropina space (M,F = α2/β) is a weakly-Bewald
one if and only if it is a strong Kropina one.
In fact, if we suppose that the vector field W is Killing, from Theorem 5 in [YO2] we
have
2Gi =h γ0
i
0 − 2FS
i
0,
where hγ0
i
0 are the Christoffel’s symbols of the Riemannian metric h, Sij := (Wi||j −
Wj||i)/2, S
i
j := h
ir
Srj and (h
ij) is the inverse matrix of (hij). From the above equation,
we get
2Gj
i
k
= 2hγj
i
k
−
2hjk
W0
S
i
0 +
2h0jWk
(W0)2
S
i
0 +
2h0kWj
(W0)2
S
i
0 −
2h00WjWk
(W0)3
S
i
0
−
2h0j
W0
S
i
k −
2h0k
W0
S
i
j +
h00Wj
(W0)2
S
i
k +
h00Wk
(W0)2
S
i
j .
Putting i = k = r, we obtain Gj
r
r
=h γj
r
r
. Since hγj
r
r
is a function of (xi) alone, it
follows that the Kropina space is a weakly-Berwald space.
Next, suppose that a Kropina space (M,F = α2/β) is a Berwald one. We consider
the two conditions in (B) of Theorem 3.1. By straightforward calculations, it follows that
the second condition sjbi − sibj = b
2sij can be changed as follows:
Sij =WiSj −WjSi.(3.5)
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From Theorem 3.2, the first condition means that the unit vector field W is Killing,
that is, Rij = 0. Hence, we get Si = W
r
Sri = W
rWr||i = 0. Substituting it to (3.5), we
get Sij = 0. From it and Rij = 0, we get Wi||j = 0, that is, W is a parallel vector field on
the Riemannian space (M,h).
Conversely, suppose that the unit vector field W is a parallel vector field on the
Riemannian space (M,h). Then, the equations Rij = 0 and (3.5) hold. Hence, from
Theorem 3.1 the Kropina space is a Berwald space. In fact, if we suppose that W is
parallel, we get Gj
i
k
=h γj
i
k
because of Sij = 0.
Therefore, we get
Theorem 3.3 Let (M,F = α2/β) be a Kropina space, where α =
√
aij(x)yiyj and
β = bi(x)y
i. And let (h,W ) be the navigation data of F defined by (2.1).
Then, the Kropina space (M,α2/β) is a Berwald space if and only if W is parallel
with respect to the Levi-Civita connection of the metric h.
In this case, the coefficients Gj
i
k
of the Berwald connection coincides with the coeffi-
cient hγj
i
k
of the Levi-Civita connection of h. In other words, the geodesics of a Kropina
space (M,F = α2/β) which is a Berwald one coincide with those of a Riemannian space
(M,h).
Remark 3.4 We consider a Finsler space (M,F = α2/β) whose navigation data is
(h,W ). If it is a Berwald space, the vector field W satisfies the condition Wi||j = 0.
Hence, it is a strong Kropina space. That is, the set of Kropina spaces which are Berwald
spaces are contained in the set of the strong Kropina spaces.
4 A Kropina space of p-scalar flag curvature
We consider a Kropina space of scalar flag curvature K = K(x) which is a scalar function
of the position (xi) alone. So, we have
Definition 4.1 Let a (conic) Finsler space (M,F ) be of scalar flag curvature K =
K(x, y). If K = K(x, y) is independent of (yi) and is a function of the position (xi)
alone, the (conic) Finsler space (M,F ) is called to be of p-scalar flag curvature.
Observing the proof of Theorem 4 in [YO2], it follows that even if we exchange ”of
constant flag curvature K” with ” of p-scalar flag curvature K = K(x)”, the Theorem 4
holds good. Namely, we obtain
Theorem 4.1 A Kropina space (M,F = α2/β) whose navigation data is (h,W ) is of
p-scalar flag curvature K = K(x) if and only if the following two conditions holds:
(a) The unit vector field W is Killing,
(b) the Riemannian space (M,h) is of scalar sectional curvature K = K(x).
Furthermore, in this case K = K(x) ≥ 0.
In the above theorem, we must remark that if the dimension of M is more than 2,
from Shur’s Lemma it follows that K(x) is constant.
Remark 4.2 Pay attention to Berger’s theorem ([BN], [Ber], [V]):
Every Killing vector field on a compact even-dimensional Riemannian space (M, g)
with positive sectional curvature vanishes.
Then, it follows that there exists no Kropina space of p-scalar flag curvature on a
two-dimensional compact Riemannian space.
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We shall prove that if a Kropina space (M,F = α2/β) is of p-scalar flag curvature
K = K(x), we have K = K(x) ≥ 0.
Since the vector field W is of unit length, we have
Wr||iW
r = 0.(4.1)
From the equation (4.1), we get
Wr||iW
r
||j +Wr||i||jW
r = 0.(4.2)
We have
Lemma 4.3 ([YO2]) Let (M,h) be a Riemannian space. For a unit Killing vector field
W = W i(∂/∂xi) on M , the equality
Wi||j||k = Wr
hRk
r
ij(4.3)
holds good. In the above equation, the symbol (||) denotes the covariant derivative with
respect to the metric h and hRk
r
ij denotes the curvature tensor of the Riemannian space
(M,h).
Since the Riemannian space (M,h) is of scalar sectional curvature K = K(x), we
have
hRk
r
ji = K(x)(hkjδ
r
i − hkiδ
r
j).(4.4)
From (4.2), (4.3) and (4.4), we get
Wr||iW
r
||j = −Wr||i||jW
r = −Ws
hRj
s
ri
W r = −K(x)Ws(hjrδ
s
i − hjiδ
s
r)W
r = K(x)(hji −WjWi),
that is,
hrsW
s
||iW
r
||j = K(x)(hij −WiWj).(4.5)
Transvecting (4.5) by yiyj, we get
hrsW
s
||0W
r
||0 = K(x){h00 − (W0)
2}.
If we suppose that the equation W s||0 = 0 holds, we have K = K(x) = 0 because
of h00 − (W0)
2 6= 0. On the other hand, if we suppose that W s||0 6= 0, we have
hrsW
s
||0W
r
||0 > 0 since (hrs) is positive definite. From Schwarz’s inequality, we have
h00 − (W0)
2 > 0. Hence, we obtain K = K(x) > 0.
From the above proof, we obtain
Theorem 4.4 Let (M,F = α2/β) be a Kropina space of p-scalar flag curvature K =
K(x) and (h,W ) be the navigation data of F . Then (M,F = α2/β) is a Berwald space,
that is, W i||j = 0 if and only if K = K(x) = 0.
5 Finslerian isometries
Let (M,F = α2/β) be a Kropina space and (h,W ) be its navigation data. Let {ϕt} be a
local 1-parameter group of local transformations on M . In this section, we consider the
relation between the following two statements:
(1) ϕt(t ∈ Iǫ) are Riemannian local isometries on (M,h),
(2) ϕt(t ∈ Iǫ) are Finslerian local isometries on (M,F = α
2/β).
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5.1 Killing vector fields
First, we define a 1-parameter group of transformation of M .
Definition 5.1 ([Kl]) Let M be a differential manifold. A 1-parameter group of trans-
formations is a differential mapping
ϕ : R×M −→M ; (t, p) 7−→ t · p ≡ ϕt(p)
such that
(i) t · (t′ · p) = (t+ t′) · p; 0 · p = p,
(ii) ϕt : M −→ M ; p 7−→ t · p is a transformation for every t ∈ R.
ϕ determines a vector field Xϕ on M by
Xϕ(p) :=
d
dt
ϕt(p)
∣∣∣
t=0
.
Definition 5.2 ([Kl]) Let M be a Riemannian manifold M = (M, g) and ϕt defined
in Definition 5.1 be an isometry for all t. Then {ϕt}t∈R is called 1-parameter group of
isometries. The associated vector field Xϕ is called Killing vector field.
On the converse of Definition 5.1 we have the following theorem :
Theorem 5.1 ([KN]) Let X be a vector field on a manifold M . For each point p of M ,
there exist a neighborhood U of p, a positive number ǫ and a local 1-parameter group of
local transformations ϕt : U −→ M , t ∈ Iǫ = (−ǫ, ǫ) which induces the given X.
Definition 5.3 ([KN]) Let M be a differential manifold and X be a vector field on M .
If there exists a global 1-parameter group of transformations of M which induces X, we
say that X is complete.
We must remark that if ϕt(p) is defined on Iǫ ×M for some ǫ, the X is complete.
From the theory of the ordinary differential equations, we can give the following
remark:
Remark 5.2 ([KN]) If two local 1-parameter group of local transformations ϕt and ψt
defined on Iǫ × U induce the same vector field on U , they coincide on U .
Let X be a globally defined vector field on M . From Theorem 5.1, for any point
p ∈M there exist a neighborhood Up of p, a positive number ǫp and a local 1-parameter
group of local transformations ϕt : Up −→ M , t ∈ Iǫp which induces the given X . For
another point q ∈M which is not p, there exist a neighborhood Uq of q, a positive number
ǫq and a local 1-parameter group of local transformations ψt : Uq −→ M , t ∈ Iǫq which
induces the same X . Suppose that Up ∩Uq 6= φ. Then since ϕt and ψt generate the same
vector field X on Up ∩ Uq, it follows that they are coincide on Up ∩ Uq from Remark 5.2.
But even if we take t such that |t| is sufficiently small, we cannot necessarily extend
a local transformation ϕt to a global transformation on M .
We have the following proposition:
Proposition 5.3 ([KN]) On a compact manifold M , every vector field X is complete.
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Let (M,F = α2/β) be a strong Kropina space whose navigation data is (h,W ). Since
W is a Killing vector field on M , for any point p ∈ M there exists a local 1-parameter
group {ϕt}t∈Iǫ of local isometries on M which generate W . Since ϕt is a local isometry,
we have
((ϕ−t)
∗hϕt(p))(Yp, Zp) = hϕt(p)((ϕt)∗(Yp), (ϕt)∗(Zp)) = hp(Yp, Zp)(5.1)
for any vector fields Y and Z on M . Using (5.1), we have
(LWh)p(Yp, Zp) = lim
t−→0
(ϕ−t)
∗hϕt(p) − hp
−t
(Yp, Zp) = 0
for any vector fields Y and Z on M .
Conversely, if we suppose that {ϕt}t∈Iǫ is a local 1-parameter group of local transfor-
mations on M and that the equation (LWh)p = 0 holds for every point p ∈M , it follows
that ϕt is a local isometry of M .
Then we have
Proposition 5.4 Let {ϕt}t∈Iǫ be a local 1-parameter group of local transformations on a
Riemannian manifold (M,h) and W be a vector field on M generated by {ϕt}t∈Iǫ. Then
W is a Killing vector field if and only if the equation LWh = 0 holds.
5.2 Finslerian isometries
Let (M,F = α2/β) be a Kropina space whose navigation data is (h,W ). From Theorem
5.1, for any point p ∈ M there exist a neighborhood U of p, a positive number ǫ and a
local 1-parameter group of local transformations ϕt : U −→ M (t ∈ Iǫ) which induce W .
Let (xi) be a local coordinate system of a neighborhood U of p. Suppose that |t|
is sufficiently small such that ϕt(p) ∈ U . We denote p = (x
i) and ϕt(p) = (x
i). Since
{ϕt}t∈Iǫ generates a vector field W = W
i(∂/∂xi) on a neighborhood U of p, we have
xi = xi + tW i +O(t2).
From the above equation, we get
yi = yi + t
∂W i
∂xj
yj +O(t2).(5.2)
We define isometries and local isometries on a Finsler space (M,F ) as follows:
Definition 5.4 Let φ be a transformation on an n-dimensional differential manifold M .
Then we call φ a Finslerian isometry on a Finsler manifold (M,F ) if F (φ(x), φ(y)) =
F (x, y) for all (x, y) ∈ TM .
Definition 5.5 Let U be an open set of n-dimensional differential manifold M . Let φ
be a local transformation from U to M . Then we call φ a Finslerian local isometry on U
if F (φ(x), φ(y)) = F (x, y) for all (x, y) ∈ TU .
We have
Theorem 5.5 Let (M,F ) be a Finsler manifold and φ be a Finslerian local isometry on
an open set V of M . Suppose that a curve ℘(t) is a geodesic on V , then the image φ(℘(t))
of ℘(t) by φ is a geodesic on (M,F ).
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Let (M,F = α2/β) be a Kropina space and (h,W ) be a navigation data of F . Suppose
that {ϕt}t∈Iǫ is a local 1-parameter group of local isometries on M .
We consider the necessary and sufficient conditions for {ϕt}ǫ>t>0 to be a local 1-
parameter group of Finslerian local transformations on (M,F = α2/β). Then we have
to only obtain the conditions for a local transformation ϕt (ǫ > t > 0) to be a Finslerian
local isometry.
Let p ∈ M and U be a neighborhood of p. Suppose that ϕt(p) ∈ U for sufficiently
small t > 0. We denote a local coordinate system on U by (x, y) and we put the coordinate
of p and ϕt(p) by (x, y) and (x, y), respectively.
Since we have
F (x, y) = F (x, y) + t
dF (x, y)
dt
∣∣∣
t=0
+O(t2)
= F (x, y) + t
(∂F (x, y)
∂xs
dxs
dt
)
t=0
+ t
(∂F (x, y)
∂ys
dys
dt
)
t=0
+O(t2)
= F (x, y) + t
∂F (x, y)
∂xs
W s + t
∂F (x, y)
∂ys
∂W s
∂xu
yu +O(t2),
we have
Lemma 5.6 Let (M,F = α2/β) be a Kropina space whose navigation data is (h,W ).
And let {ϕt}t∈Iǫ be a local 1-parameter group of local transformations onM which generate
the vector fieldW . Then ϕt (ǫ > t > 0) are Finslerian local isometries of a Kropina metric
F = α2/β if and only if W satisfies the differential equation ([LCM])
KW (F ) :=
∂F (x, y)
∂xs
W s +
∂F (x, y)
∂ys
∂W s
∂xu
yu = 0.(5.3)
Definition 5.6 ([LCM]) We call KW (F ) = 0 a Killing equation of a Finsler metric F .
In general, let F be an (α, β)-metric with defining by F = αφ(s), s = β/α, where
φ(s) is a smooth function of s. Suppose that ϕt (ǫ > t > 0) are Finslerian local isometries
on a Finsler space (M,F ) which satisfies
xi = xi + tV i +O(t2), yi = yi + t
∂V i
∂xj
yj +O(t2),
then in the similar way to the case of Kropina metric it follows that ϕt (ǫ > t > 0) are
Finslerian local isometries on (M,F ) if and only if V satisfies the differential equation
KV (F ) :=
∂F (x, y)
∂xs
V s +
∂F (x, y)
∂ys
∂V s
∂xu
yu = 0.
Then, the Killing equation KV (αφ(s)) reads
(
φ(s)− s
dφ
ds
)
KV (α) +
dφ
ds
KV (β) = 0.(5.4)
Hence, we get
Lemma 5.7 ([LCM]) For an (α, β)-metric space (M,F = αφ(s)), where s = β/α, the
Killing equation KV (F ) can be represented by the equation (5.4).
And we obtain
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Lemma 5.8 ([LCM])
KV (α) =
1
2α
(Vi;j + Vj;i)y
iyj, KV (β) =
(
bj;iV
i + biVi;j
)
yj,
where ”; ” denotes the covariant derivative with respect to the Riemannian metric α and
Vi := aijV
j.
Therefore, Lemma 5.6 can be written as follows:
Lemma 5.9 Let (M,F = α2/β) be a Kropina space whose navigation data is (h,W ).
And let {ϕt}t∈Iǫ be a local 1-parameter group of local transformations onM which generate
the vector field W .
Then ϕt (ǫ > t > 0) are Finslerian local isometries of a Kropina metric F = α
2/β if
and only if W satisfies the differential equation
2βKW (α)− αKW (β) = 0.(5.5)
From (2.1), we have
V i = W i =
1
2
bi, Vi =
1
2
aisb
s =
1
2
bi.
Using the equations in Lemma 5.8, we can change the equation (5.5) as follows:
β
(
bt;s + bt;s
)
ysyt − α2
(
bt;sb
s + bsbs;t
)
yt = 0.(5.6)
Since α2 is not divisible by β, the two equations
(
bt;sb
s + bsbs;t
)
yt = c(x)β, and
(
bt;s + bs;t
)
ysyt = c(x)α2
hold for a function c(x) of (xi) alone. From the above equations, we get
bt;sb
s + bsbs;t = c(x)bt, and bt;s + bs;t = c(x)ast.(5.7)
The first equation is gotten from the second equation. Therefore, the vector field b# =
bi(∂/∂xi) satisfies the second equation in (5.7).
Conversely, suppose that the vector field b# = bi(∂/∂xi) satisfies the second equation
in (5.7) holds, then we get the equation (5.5).
Hence, we get
Proposition 5.10 Let (M,F = α2/β) be a Kropina space whose navigation data is
(h,W ). Suppose that {ϕt}t∈Iǫ is a local 1-parameter group of local transformations on M
which generates the vector field W . Then ϕt (ǫ > t > 0) are Finslerian local isometries
of a Kropina metric F = α2/β if and only if the vector field b# = bi(∂/∂xi) satisfies the
second equation in (5.7).
From Theorem 3.1, Theorem 3.2 and Proposition 5.10, we obtain
Theorem 5.11 Let (M,F = α2/β) be a Kropina space whose navigation data is (h,W ).
Suppose that {ϕt}t∈Iǫ is a local 1-parameter group of local transformations on M which
generate the vector field W .
Then, ϕt (ǫ > t > 0) are Finslerian local isometries of a Kropina metric F = α
2/β if
and only if the Kropina space (M,F ) is a strong Kropina one.
Namely, ϕt (ǫ > t > 0) is a local 1-parameter group of Finslerian local isometries of a
Kropina metric F = α2/β if and only if ϕt is a local 1-parameter group of local isometries
on (M,h).
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Remark 5.12 If M is a 3-dimensional compact connected, simply connected manifold,
or a compact Lie group of any dimension, then all isometries of the strong Kropina space
(M,F ) are global.
Indeed, let us remark that the local isometries of the Kropina metric are global when the
Killing vector field is complete. This happens for example whenM is compact (Proposition
5.3).
On the other hand we have shown in [YS] that there are restrictions on the existence
of strong Kropina structures on compact manifolds.
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